In this article we describe what a credit spread option (CSO) is and show a tree algorithm to price it. The tree algorithm we have opted for is a two factor model composed by a Hull and White (HW) one factor for the interest rate process and a Black-Karazinsky (BK) one factor for the default intensity.
1) Introduction
In recent years the market for credit derivatives has experienced an extremely huge growth.
These instruments are being actively used not only for hedging purposes but also as a way to improve return on capital.
A bank might use credit derivatives to manage its portfolio of credit risk. Moreover with a credit derivative a bank can sell credit exposure and still keep a good relationship with an important client. For a bank credit (derivative) instruments have become the most efficient way to transfer credit risk. Moreover its use to optimize the allocation of regulatory capital might be seen as a way to arbitrage the regulators.
There are two main approaches to modelling credit derivatives. In the first approach a credit derivative is modelled as a contingent claim on the assets of the firm. These are the so called firm value models and were initiated by Black Scholes [25] and Merton [26] , followed by Longstaff and Schwartz [27] and Das [28] among others. For a comparison among the different models we refer to Eom et alli [1] .
The idea behind firm value models is that default occurs when the firm value process reaches a certain boundary (e.g. book value) which might be pre-specified or not. The problem with this 1 João Garcia is a Senior Quantitative Analyst at Artesia BC, Helmut Van Ginderen is the head of the Risk Methodology Group at Artesia BC and Reinaldo Garcia is a pos-doc researcher at the University of California at Berkeley. Any communication on this article should be sent to: Joao.Garcia@artesiabc.be. approach is that the firm value is not a direct observable process. The assumptions of this model underlies the use of the multi-normal distribution function currently in use on the (gaussian) copula approach of basket pricing methodologies (see e.g. Garcia et alli [19] ). It is generally thought that firm value models might give a good estimate of the pay-off (loss) distribution function of a process but the associated default probabilities will not necessarily comply with the ones observed in the CDS market. This should explain why the Merton model has been rather successfully used in the KMV commercial package for credit risk. One should also mention that the KMV package uses a very large database of historical defaults to complement the model.
In the second approach, known as intensity based models, the time of default follows a point process with deterministic or stochastic intensity where the jump (to default) time is totally unpredictable. This approach has been followed by Duffie and Singleton [2] , Jarrow and
Turnbull [3] , Jarrow, Lando and Turnbull [4] , Sconbucher [5] and Lando [6] , among others.
Another way of distinguishing between the two approaches might be seen in the sort of numerical techniques used. In firm value models one finds problems similar to the ones used when trying to extend the BS formula to include American options, dividends, stochastic interest rates and so on. While intensity models are more akin to the term structure modelling problems. 2 One of the most actively traded credit derivatives is a credit default swap (CDS). A CDS provides insurance in the event of default (called a credit event) of a particular company (called the reference entity). In this work we show an approximation to the pricing of a CSO option on an a CDS.
In this paper we built on the work of Schonbucher [7] . The additional features in this work are the following: i) we use the HW model for the interest rate and the BK model for the hazard rate process, while Schonbucher uses the HW model for both processes; ii) we discuss a way of calibrating the model; iii) we compare the results of the approximation with market prices for the case of a CSO on CDS and give some comments on the market for CSO's.
Although the model may accommodate a correlation function between the dynamics of interest rates and hazard rates we will consider that both process are not correlated. The fine tuning of a correlation function would add a degree of complexity that we judged undesirable in a first approximation (see Schonbucher [7] ). In a recent study JP Morgan has come up with results that support the view that there is a straight correlation between short term interest rates and rates
In section 2 we will describe the model used for the credit process. In section 3 we describe a credit spread option (CSO) and how this instrument is related to the risk free and intensity rates processes. The integration of interest and hazard rates in a two factor Hull and White (HW) Black Karazinsky (BK) is briefly described in section 4. Section 5 contains numerical results for an approximation of American CSO on a CDS and section 6 has the comments on the results.
2) The Credit Event Process
Instead of modelling the firm value we will model directly the time of default. We will assume that the default process follows a Poisson process with stochastic intensities (hazard rates). In the literature this is called a Cox process (see Bremaud [13] or Lando [6] for more details).
Consider that Q(t,T) is the cumulative default probability viewed at time t for the period [t, T]. In a Cox process Q(t,T) is given by:
where λ t (u) is the instantaneous forward rate of default at time u viewed at time t (the intensity of the Cox process). If one has Q(t,T) then λ(t,T) will be given by:
In the following section we show how the hazard rate and the cumulative default probability are used to price a defaultable bond.
3) Credit Spread Options
Credit spread options (CSO) are designed to give protection in case of spread widening. As the bond market is less liquid than the CDS market, instead of buying a put option on a bond one might want to buy a call option on a CDS. One should keep in mind that for the moment CSO's
are still rather exotic instruments traded over the counter only. Moreover the contracts are very rich in detail and we will be presenting one sort of structure only.
In the next two sub-sections we describe the CSO on a bond and on CDS.
3.1) Credit Spread Put Options on a Bond
Consider B D (t,T) the price at time t of a defaultable bond with maturity T. Assume that at time t the bond is being traded at a yield spread of y t above the yield on a risk free identical bond (B RF (t,T)). A credit spread put option with expiry date T exp (T exp < T) gives the holder the right to sell the bond for a pre-specified yield spread K (the strike of the option) in case the yield spread y t goes higher than K.
In what follows we will be considering that at the time of default the bond will be worth a recovery factor (L) multiplied by the notional. Any accrued interest is supposed to be included in the recovery factor. For a description of alternative models of recovery we refer to Schonbucher [15] .
Consider that r(s) is the continuous short term interest rate at time s, and as before λ(s) is the hazard rate for the given entity at time s seen at time of pricing (for simplicity the second index has been omitted). The price of the defaultable bond is given by 3 :
If one assumes independence between the intensity process and the risk free rate process we have: 3 In what follows expectations are taken with respect to the equivalent martingale measure. We have assumed that a lot of technical conditions are observed. In order to have more about those technical conditions we refer the interested reader to Musiela and Rutkovisk [16] in general or to Schonbucher [15] in the specific case of credit derivatives.
For the payoff of a CSO suppose K is the strike spread and the expiry date is at time T exp .
The payoff of the credit spread (put) option at the expiry date is given by:
where the index (x-y)+ means the maximum between x-y and zero. The price of the option at time t is given by:
where as before E t is the expectation at time t under the equivalent martingale measure.
3.2) Credit Spread Option on a CDS
A call option on a CDS gives the holder the right to buy a CDS with a certain strike rate K at (or until, depending on the nature of the option) a certain date T exp . With this instrument the buyer acquires the right of buying protection on the default of a general bond (which is detailed in the CDS contract).
In this study we will assume that one can build a CDS synthetically by taking positions in a defaultable and a risk free floating rate note (FRN). An option on a CDS could then be approximated by using the algorithm of the last section taking into account for FRN's instead of bonds. The results of the approximation are discussed in section 5.
A long position on a CDS can be synthetically built by a short position in a defaultable FRN and a long position in a risk free FRN. In order to see it consider the cash flows of each side of the position: in case there is no default the short side will pay the risk free forward rate plus the (CDS) spread, while from the long side one will receive risk free forward, generating a net position of the CDS spread. In case there is default the short side will deliver the recovered value of the defaulted FRN while receiving (in full) the notional, the net value for the short side is the loss in case of default (we refer to Schonbucher [15] for more details).
In this way a call on a CDS rate is identical to a put on a defaultable FRN note, and we use the eq. 5 above just that in place of a bond we have an FRN. In this case the call on the CDS is then given by:
In this work the risk free and the intensity processes will be modelled using a HW and a BK process respectively. In the next section we describe the algorithms.
4) Hull -White and Black -Karazinsky Models
In order to price a credit derivative security one in general needs at least a two-factor model:
one for the interest rate and the other for the intensity process. In what follows we first show how to build the risk free and the intensity process separately, then we show how the two are integrated in a three dimensional like tree.
In some cases the assumption of independence between interest rates and intensity makes it possible to de-couple the payoff of a derivative in a way that one would not need to build a tree for the interest rate process. This is not however the most general case. For this reason in what follows we show how to develop a model which involves both a tree for the interest rates and a tree for the intensity process.
The whole algorithm follows very closely the two factor process algorithm described in Hull and White [20] . In the next section we give a brief description of the HW and BK models and how they are integrated in a two factor model for credit derivatives (see Schonbucher [23] for more details).
4.1) The Risk Free Interest Rate Tree
In this article we will assume that the interest rate process will follow the HW model (basically an Ornstein Ullenbeck process [17] ). I.e. we assume:
where r, a r and σ r are the (unobserved) instantaneous short rate, mean reversion and volatility respectively.
The algorithm builds the dynamic of the interest rate process in a recombining trinomial tree structure. For each time step of length ∆t the short rate will assume values of the form r(t+∆t) = r(t) + k · ∆r, where k might be negative or positive integer and ∆r is given by:
The branching probabilities at the nodes are evaluated by the use of three constraints: the first two moments of the process and the fact that probabilities add up to 1. One more constraint on the whole tree might be added: it may not grow infinitely otherwise probabilities might become negative (this last requirement affects the geometry of the tree which might not grow indefinitely).
The steps in the building of the tree are then the following: a) suppose in eq. 8 that θ r (t) is zero and build a symmetric tree for the r process; b) evaluate the value of θ r (t) to be added at each node such that one might price correctly zero coupon bonds; c) evaluate the values of a r and σ r which would price correctly swaptions or caps/floors or any derivative which might be linked with the securities one needs to price. The third step above is called calibration. Observe that by construction any values of mean reversion and volatility will lead to the correct prices of zero coupon bonds. The determination of the mean reversion and volatility to be used in each case is done by searching the values of the two parameters which give good prices of market available interest rate options.
In principle one could also use the HW model above proposed to model the evolution of the hazard rate (the default intensity). Indeed this was the approach proposed by Schonbucher [9] .
The HW model however does not preclude the values in the tree nodes to become negative 4 . As default intensities are related to default probabilities (see eq.1) negative intensities would lead to negative default probabilities (which is not possible).
In the next section we (briefly) describe the BK tree model. 4 The HW model is still used by some market participants despite the fact the it might give negative rate (they have indeed very low probabilities).
4.2) The Default Intensity Tree
The default intensity process will obey the following stochastic differential equation:
where as before a λ and σ λ are the mean reversion and volatility for the intensity process, λ is the intensity and ln is the natural logarithm.
The steps in building the tree are basically the same as described above and we refer to Hull and White [9] for details. There are however two important points worth mentioning.
The first is that (see item b) of 4.1 above) in order to evaluate θ λ (t) one needs the cumulative probability of non-default 5 curve. In our case we implied this cumulative probability from the CDS spreads observed at the CDS market. The algorithm used is based on the work of Martin et alli [10] and we refer to Garcia et alli [11] for its use in present valuing CDS's.
The second and not less important aspect is how to calibrate the model. One should remember that by construction any value of a λ and σ λ will reproduce the cumulative probability given. As in the interest rate case one still needs the option market to determine the values of the mean reversion and volatility (calibration). In here however there is no liquid option market for credit products. The approach we have used for the calibration is the following: we got from the market a price for an at the money (ATM) and an out of the money (OTM) CSO. The model was calibrated for the ATM and the parameters so determined have been used to price an OTM option. Later on we give a comment about this approach and we discuss an alternative methodology for the calibration (which is described in more details in Garcia et alli [24] ).
In the next section we show how the two trees are integrated.
4.3) The Credit Tree (HW + BK)
The new integrated tree (called 3D tree in what follows) has the same number of time steps as the other two trees (called 2D trees). One should make sure that both 2D trees have the 5 The probability in question is given by 1-Q(0,t) = exp(-λt) and it is the analogous of the discount factor curve used when building the risk free tree. A node in the 3D tree will be represented by n 3D (x,y,z), where the first index represents time step and the other two indexes are such that the interest rate comes from the node n RF (x,y) in the interest rate tree, and the default intensity from the node n D (x,z) in the intensity tree.
The branching probabilities in the 3D tree are given in From table 1 it is clear we are assuming independence between the two process (see section 6 for a comment about it).
4.4) Using the Tree to price a CSO
In this section we go in more detail on how to price a CSO on a CDS. Consider one wants to evaluate a one-year call CSO with strike K on a six year CDS. As we have already mentioned we will approximate it by pricing a put option on a defaultable FRN. For simplicity consider that the notional of the contract is N, the recovery rate supposed fixed is α. In what follows we will call the interest rate and the default intensity trees as 2D trees.
The steps to be followed are the following: where λ(x n ,z) and r(x n ,y) are the values of the default intensity and risk free rate at nodes (x n ,z) and (x n ,y) in their respective trees. The p(x n ,y i ,z j ) is in fact a short cut notation to the following more cumbersome notation p((x n ,y,z)| (x n+1 ,y i ,z j )) which means the probability in node (y,z) at time x n of going to node (y i ,z j ) at time x n+1 . I(x n ) is the indicator function which is 1 if there is a coupon payment at time x n and 0 otherwise. The first factor in the eq. 15 is the value of the bond in case there is no default while the second factor gives the value in case of default. 6 As will be seen later on when pricing each probability in the table will still be multiplied by the probability of non-default. In the above formulation one simplifying assumption has been made: the option premium is paid up front. We also decided to count the defaultable coupon as being the risk free forward rate plus the spread. A simplifying assumption is that the risk free forward rate will be evaluated using the current yield curve (it avoids the option to become path dependent). In this way the coupon of the FRN D is given by: where t n-1 and t n are the dates when the coupon rate is determined and paid respectively; f(0,t n-1 ,t n ) is the forward rate observed at time zero for the period between t n-1 and t n , and K is the CDS strike rate in the option.
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model being calibrated to market prices.
5) Results
In this section we show the results of pricing a (Bermudan) CSO on a CDS. As already mentioned we have calibrated the HW interest rate tree for swaptions and then calibrated the intensity (BK) tree to an ATM American CSO and both prices have been taken from a market participant.
The mean reversion and volatility for the interest rate tree are respectively 0.012 and 0.009.
The risk free discount curve of the day is shown in table 2. Table 4 Cumulative Default Probability Curve
The prices for the ATM and the OTM CSO got from the market and from the tree are shown in table 5. Both market prices are the bid prices 7 by a large financial institution. 7 The CSO's are very exotic instruments traded only OTC. Market players are very reluctant to show information like bid offer spread unless they are very sure that the deal will be done. It took some time until a market player gave the quotes used in this study. Table 5 CSO prices used in evaluations
As it can be seen from table 5 the bid price from the model for the OTM CSO is considerably higher than the one given by the market. We see several possible reasons for it: a) bid prices are normally lower than fair value specially in such an illiquid instrument (the bid ask spread on the underlying CDS at the day of the quote was 30 bp); b) error in the approximation used in the evaluation of the FRN D (the risk free part of its coupon); c) overvaluation by the model.
A problem related with credit derivatives market is that there are still large differences on the CDS rates given by banks. Although a trader has access to quotes via CDS web sites of some large banks they are for information purpose only. Moreover the CDS curve used for implying default probabilities might differ considerably from bank to bank. We should still mention that the algorithm we have used to imply default probabilities did not take into account that there are problems of liquidity among the quotes. For example the 5 year CDS rate is (normally) a lot more liquid than any other one in the table (see table 3 ). The degree of uncertainty on the other rates is rather large.
Even if the calibration step is in principle sound in practice it might also be put into question.
We had only one ATM CSO available. This is linked to the difficulty in getting market quotes.
Alternatively instead of getting market quotes (to be used for calibration) one could use the Black Scholes formula (see Schonbucher [12] ) for european CSO's and calibrate the model to it. As one might expect, the BS model depends on default intensity volatilities. Those volatilities are not yet available in the market. In an internal study (not yet available for publication) we have implied default probabilities from historical CDS curves and from them we evaluated historical intensity default volatilities. The volatilities are then used in the European CSO formula and compared with market quotes. Again we observed differences of the order observed in this work.
Two other problems we have not mentioned yet are the uncertanties in the recovery rates and the correlation factor between the interest rate process and the intensity process. In this work we have supposed that correlation is zero (see Schonbucher [23] for details). In a recent study of JP Morgan it is shown that there a high correlation between short term rates and the rate of default.
The impact of this new finding is an object of future research.
price might be more research should be done in order to get it fine tuned. Absence of reliable data, be it the CDS curve or intensity volatilities, might be a big issue.
6) Comments
In this paper we have developed a two factor tree model to price Bermudan put CSO's on a CDS. Some approximations are done in considering the CSO as options on the spread between a defaultable and a risk free FRN. The model uses a HW tree for the interest rate dynamics and a BK tree for the intensity dynamic.
The HW tree has been calibrated to swaption prices.
In the construction of the BK tree we have used a default probability curve which was implied from observed market CDS rates at the time of pricing. Once the BK tree is constructed it is then calibrated to an (ATM Bermudan) put CSO market quote. The parameters so determined are then used to price an (OTM Bermudan) put CSO.
Although we have observed that the model overprices the bid price of the OTM option we can not say that the price is out of the bid offer spread. The CSO market is still very illiquid and prices might vary considerably from bank to bank. Several problems will be met when trying to model a CSO of which we will mention three: a) lack of reliable intensity volatilities or even CDS rates; b) uncertainties about recovery rates; c) uncertainties about correlation parameters between interest rate process and intensity process. The way these uncertainties affects the price of a CSO will continue an area for future research.
numerous discussions.
